Math 3¢ — Graph Theory Nadia Lafreniere
Trees 04/15/20272

We infroduce the nofion of trees, a very imporfant fype of graph.
Over the next week or two, we will study the properfies of frees and
forests.,

Definition

A graph with no cycle is acyclic,

An acuclic graph is a forest; a connected forest is a free.
A leat is a verfex of degree 1 in a tree, o
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Every component here (except the one with

/\/\ a red X on it) is a tree, and the whole

thing (without the one with the X) is a forest,

Leaves are highlighted, A sfar is the free in which there is
one verfex adjacent 1o every other,

Caveat: As graphs, frees don't need fo have one specific voot, We can
always disTinguish one root, but it is not needed. We will go back to
This subject later,

Lemma

Every tree with at least two vertices has af least two leaves,
Deleting a leaf from an n—verfex tree produces a free with n—1
vertices,

Proof

A tree is always connected so there is a path p between any two
vertices u,vi. Since there is no cycle, that path can only be extended
finitely many fimes without returning to a previously visited vertex, The
last fime it can be extended in one direction, that vertex is a leaf, as
There is no cycle,



when one delefes a leaf u from a tree, it does not disconnect it, @
since There is no path going through that vertex (not as an endpoint),
i,e, for v,w in the graph, there is no path passing through u from v

fo w, []

One consequence of that lemma is that we can build every tree with
at least fwo verfices by "adding leaves*. We will discuss that topic
on Wednesday,

The following theorem gives multiple characterizations of trees:

Theorem

Lef 6 be a graph with n verfices (n =1), The following statements
are equivalent:

(A) G is connected and has no cycles,

(B) 6 is connected and has n—1 edges,

(C) 6 has no cycles and n—1 edges.

(D) G has no loop and has, for each pair of verfices w,vi, exactly
one uv—path,
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(1 A=B) We need to prove thal if 6 is connected and has no cycle, it
has n—1 edges.

By fTheorem from 4/¢, it must have af least n—1 edges for it to be
connected. To prove there is al most n—1 edges, we prove that a
graph with n edges has a cycle (which is not permitted, by hypothesis).
This proof is by induction on n (the number of verfices):

Base case: If n=1, the edge is a loop and fhat is a cycle,

Induction hypothesis: Assume a graph with k vertices and k edges has

a cycle,

Induction sfep: We need fo prove that a connected graph with k+1
vertices and k+1 edges has a cycle, If there is a leaf, remove it and
delete the incident edge; appluing induction hypothesis tells us that
there is a cycle in The rest of the graph,

The proof of such a statement is a closed walk A
that visits every verfex in the complete digraph 3(
with vertices A, 8, C and D: S
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1f there is no leat, then the lemma from page 1 proves the graph

is not a free,

(2 B=A) We need to show that if 6 is connected and has n—1 edges,
it has no cycle., We prove the confraposifion: if 6 is connected and
has a cycle, there is more than n—1 edges.

Since G has a cuycle, there is at least an edge that is not a cuf—edge
(by the theorem from 4/1), Deleting that edge would mean the graph
has one fewer edge and is connected, which means, by theorem from
4/%, that the graph with one fewer edge has af least n—1 edges. So
the original graph has af least n edges.

Until now, we proved A<=»B, They are equivalent, so we can use them
fogether from now on,

(3 A=C) Since AeB, we know fhat G is connected, has no cycle
and has n—1 edges, which already proves C),

(4 C=B) We want fo show thaf if a graph has n—1 edges and no
cycles, it is connected, We look at each of fhe k components.

In the component i (1 =i =<k), assume there are n(i) verfices,
Since the component is connected and has no cycle, it has n(i)—1
eolqes (by A=B), Hence, the fotal number of edges is

Z (n(i)=1)- Z(m(u)) k-n—k, However, the hypothesis of C is that the
qvap\n has n—1 edges. So there is exactly one component, and fhe
graph is connected,

Now, A, B and C are equivalent, That means that two characteristics
among connectedness, no cycles and n—1 edges are sufficient fo show
a graph is a Tree,

(s B=D) Since B=A, the graph has no cycle; in particular, it has no
loop. 1T is also connected, so there is a path p befween any pair of
fwo verfices u,vi, To show unigueness of thaf path, we use the
hypothesis that there is no cycle, and confradiction: Assume there
existT 2 paths p and g befween u 1o v.
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Let u' be the first verfex in p and g whose next edges differ, )
and let v' be the next verfices that appear both in p and ¢. Then,
the part of p between u' and v' and the part of g befween u' and
v' are pafhs with no common vertices That have the same endpoints;
aluing them together creates a cycle, Hence, there is a unigue path
between u and v, for any pair of vertices tu,vi,

(6 D=>A) Since there is a path befween every pair of verfices, fhe
graph is connected, The unigueness of the path means there is no
cycles, proving A.

Corollary
a) Every edge of a free is a cut—edge., (by A)

b) Adding one edge to a free forms exactly one cycle (corollary of
A=B),

Spanning Tfrees

Let 6-(V,E) be a graph,

A graph is a spanning subgraph of G if it has vertex set V,
A spanning tree is a spanning subgraph thal is a tree,

Example
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In purple, five spanning subgraphs of the graph in blue. Only the first,
third and fourth ones are spanning trees.

Theorem
Every connected graph has a spanning free,

Proof

Every connected graph has a connected spanning subgraph. To remove
the cycles from it, delete one after the edges thaf are in cycles.,
Once there are 1 edge fewer than vertices, the graph will be a free,




Distance in frees and graphs ®)

1t 6 has a uv—path, fhe distance between u and v, noted d(u,v), is
the smallest length of a uv—path., If 6 has no such path, d(u,v)-e,
The diameter of 6, diam(G), is The maximum distance befween two
vertices,

The eccentricity of a vertex u is the distance fo the furthest vertex,
The vadius is The minimal eccentricity,

M Distance: d(a,b)-d(b,c)-1, d(a,c)-2

C Diamefer 2. A star always has radius 1, since the
a% cenfral verfex has eccentricity 1, The diamefer,

for all graph, is the maximal eccentricity.

The Pefersen graph has radius and diameter 2.
Recall there is an edge befween two verfices if fhey
3* represent disjoint 2—sefs of 1,2,3,4,5).
V‘(' 1t two verfices i) and jk are not adjacent, they must
A share an element (as sefs). Then, Im is disjoint from
ij and 1k, so ij=Im—jk is a path of length 2.
Heve, 1i,],k,\,mi represents 11,2,3,4,5),

Theorem
1t G is a simple graph, diam(G)=3 => diam(G)=3.

Proot: Read and understand as homework., In the book, that is
Theorem 2.1.1, p.M.

The center of a graph is the induced subgraph with vertices of
minimum eccentricity,
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The Petersen graph and complete graph have cenfer )9’
the whole graph, The star has, as cenfer, only the A

central vertex, " 4



Theorem (Jordan, 1869) ®)
The cenfer of a free is a vertex or an edge.

That means it cannot be a set of vertices, whenever the graph is
a free, 0f course, the examples above show it is not frue for graphs

in general,

Reference: Douglas B, West, Introduction fo graph theory, 2nd edition, 2001, Section 2.1



