
 

ECI4Descent
Def Let Nesn Kien l

i is a descentof IT if Thi Thiel
ascent Ric Miti

Des r hi hi tie I descentsetof th
des a Desch

EI Des 39,176,25 124,51 des 34176251 3

Def Eulerian polynomial
An x Est'd E ftp.ilxh

Eulerian number

A x x 4 4 3

Ay x X 11 411 34 4

The rows are symmetric because

Yj
des Mm Matt n t desCrth ten

Notealso that in each row thenumber

5 1 26 66 26 I increaseandthendecrease i e Am x is
unimodal Possiblefinalpresentation

Pray Alm h KA n th n ht 1 Alm th l



Pf To obtain a permutation in Sn with k I descents
we insert n in a permutation tie Sn as follows

if IT has k I descents insert n atanydescent or attheend
k possibilities

if it has k 2 descents insert n at anyascentor atthebeginning
n 2 Ch 2 t l n ke t possibilities a

Recall Foata's Fundamentaltransformation

Th e agaz ai aime Ai c aint e a

t d d
largestelementsoftheir cycles in ascendingorderT t a a z ai ai t l an

Ex th 6 751 8241 73

oh 45824173Then
it ai z ai off

ai ait

i e i is nota descentofR

m des ti jeEn I recite j were ti

Def j is an exodusofte if ti j Sj exch exadamesofit

j is a whecedarceofrift j a j were e Jtweakeredances

ofte

des tintin i th t l n etc ti

This proves the following



Pray MacMahon 1905

Alm kelli Itesm describe Itesm exeat k

Itesm wench hell

Euler in 1707 was interested in theseries

dispentiatefE Tx Elite É
Myths E it Ey Eo
Prof

E idxi AEF
Pf By induction on d

v

da Assume Egidixity
Differentiatebothsides andmultiplyby x

E idxi xai
ikld ygytaa

iklda.it

xh YAI
YIIdiAd

Need to show Aah xli 4Ad HedXAa x

Ad x x'Ah G dx Aa x



Recall

Aa x E ACd 1 EXk
A'd in Ek scale yh

Take thecoefficientof x
k
on bothsides

A d k I k ACdLk Ch l Ald th il t d A lath l

KALd Lk d ht 1 ACd th 1

whichwas provedearlier Es

Prot
Eady ITÉed20

Italy
p In

11 xd goid xi

previousProp

Chi Xi E idltg.tt a x Erie
ill z

Eat a



Def Majorindexof it maj a E i
ieDesCie

IntroducedbyMcMahon named major ly Foota became McMahon
was a major in theBritish army

EI maj 42,167,35 1 2 5 8

The Lies l im ca k ItesmImayGt k

Equivalentformulation

Fist

132 E Egg'm 2 quoi'd
TES n

33 z For n 3 we get3 12 I
3 332 1 1 29 25 93

Pf We construct a bijection
U Sm Sm

such that maj ti in Actu

Build a sequence8,82 8m where 8 The

To getthe from8h
if tenant split8h after eachelement tea

if teh Then splitseeaftereachelement time



Rotateeachblock cyclically tothe right lie movethelastentryto
thebeginning then add the at the end

Finally let 41.14 8 n

7 683 9.4.17.25 maj 2 4 5 7 18

81 6
82 681 splitaftereachelement 3 and rotate

83 6 8131 splitafter eachelement 9 and rotate

84 6181391 54 and rotate

85 6181913141 I

86 61893411 7

8 61389141111 2

88 6318.111121 5

UH 8 364891725

in UCH 5 6 0 1 4 0 2 040 18

Claim At each stage inv ru majCath Ka

We prove the claim by induction on k
had inv 681 O mapMi



Suppose inv Yu majCal Tn

Caserusttny he Des la so may th time ng
Cts thek

Want to show in 8hec in 84th
In each compartment Cof 8h

rotatingthecompartmentcreates size o I

new inversions

TI appendingtime createsone invasion
with eachcompartment

inversionsincreasesby E size C 1 t compartments k
compartments C

Casetucting In this case May th the maj th it a

Want to show in Sun in 18m

In each compartment C of 8h

am

rotatingthecompartmentremoves size o II Is a tent inversions

appending tent creates size o I inversions
with eachcompartment

inversions does not change

Finally I is a bijection becauseeachof its steps can be
reversed



Note that to knowwhere to split 8kt to recover 8h
one needs to comparethe ft entryofSue with its last
and then splitbeforeeach entry larger smaller thanthe
last entry accordingly e

In fact maj and in satisfy a stronger property
the point distribution of time may is symmetric

Im Egg
in it tmi Egg

mail timein

EI For n 3 we get
It qtt.ge t t qt t get g't

Unfortunately it is not true that maj 4 a in Ctd

in general so theabovebijection doesn'tprove this

Def IDs Te eDesCti j if l is to theleftof j in it th tinS

EI I 25143 IDes n 1.3 44

Of ti j is the positionof j in
ITMz TIm

Def imaylie maj lit E j
j t2Des r



Pray The above bijectionU te te preserves IDes i.e

IDEs E IDEs CT

PA we need to check that the relative orderof jardjtl
never changes with the cyclicshiftsthattake 8 toJay

pgnetusta
Splitafterentries stake

s stands for small i.e that
b big that

j jtl mustbeboth small or both big so theirrelativeorder

doesnot change

Casetenthy Same argument

takeinverse

Ti E Ti ti is test Is it

II ipad imaj may inv in
Des IDs I Des Des

Lm in maj imaj imaj mat

Let 414 UH r Y'T Thebijection THUG
has the property that in Uco mails

may 4101 inelt


